In this paper, we address the formation of tracking control problems for second-order multiagent systems, in which each agent is subject to input saturation. First, by using the low-gain state feedback technique, it is proved that the second-order multi-agent system subjected to input saturation achieves the specified formation tracking if the formation tracking feasibility condition holds. Then, in order to reduce the communication load, an event-triggering control strategy is applied to solving the considered system. It is shown that the specified formation tracking is guaranteed, and Zeno behavior can be avoided. Finally, the several simulation examples are given to confirm the theoretical results.
I. INTRODUCTION
The distributed coordination control for multi-agent systems has been a popular research problem in the last decades [1] , [2] . Many control mechanisms have been established, e.g., consensus [3] - [6] , containment control [7] and formation control [8] . Due to the extensive application foreground, formation control has been one of the most concerned problems, such as cooperative surveillance [9] , source seeking [10] , unmanned aerial vehicle [1] , and so on. Up until now, a large amount of results have been widely studied for the formation control problems of multi-agent systems [8] - [16] .
Meanwhile, formation tracking control [17] is more meaningful since it requires that the followers not only form the desired formation shape but also realize to follow the leaders in some practical cases, e.g., the cooperative attacking or target enclosing tasks [15] . Therefore, the research on formation tracking problems is of great significance. Recently, formation tracking control problems have arisen increasing research attention [13] - [16] . For instance, a kind The associate editor coordinating the review of this manuscript and approving it for publication was Ton Do. of time-invariant formation tracking strategies using the adaptive technique has been studied in [13] , [14] . Depending on neighboring information, a time-varying formation tracking protocol has been designed in [15] . Subsequently, in [16] , time-varying formation strategies with the use of the distributed disturbance observer have been analyzed.
Considering the development tendency of broader networks and the increase of the system scale, the reductions in the usages/damage of the devices and the energy consumption are required. In this sense, the event-triggering control has been extensively studied [18] - [22] . For example, a event-triggering control strategy has been constructed for networked control systems subjected to stochastic cyberattacks in [18] . An event-triggering control for multi-area power systems under hybrid cyber attacks has been investigated in [19] . Distributed event-triggering protocols have been designed to investigate consensus problem in [20] , [21] . In [22] , an event-triggering control strategy has been applied to the problem of consensus control, which focused on nonlinear multi-agent systems. Although event-triggering theory makes the outstanding significance, the studies on the event-triggering formation tracking control are still not frequent [23] , [24] . Additionally, compared with most of the previous studies [23] , [25] , second-order situation provides a complicated and valuable orientation. Thus, formation tracking problems which depend on event-triggering control in second-order multi-agent systems are more complicated.
Besides event-triggering control strategy, input saturation has drawn growing attention owing to physical, safety or technological constraints. The main reason is that, in real world applications, multi-agent systems may be inevitably subject to magnitude limitation of control input that may lead to more instability or even degrade the performances of control systems [26] . In view of the importance of such input saturation, some results have been conducted on consensus problem for multi-agent systems subjected to input saturation constraints by using continuous-time data [27] - [31] . However, there are only a few literatures that have devoted to the formation tracking control subject to input saturation [32] . Therefore, it is of interest to investigate the problems of formation tracking, which focused on second-order multi-agent system subjected to input saturation. To our best knowledge, formation tracking problems which focused on second-order multi-agent system subjected to input saturation are still open, not to mention considering event-triggering control at the same time.
Based on above considerations, in this paper, we will employ the saturation control method to study formation tracking problems for second-order multi-agent systems. Then, applying an event-triggering control method, the considered systems subjected to input saturation will be further investigated. The main features can be listed in the following: 1) Two algorithms are designed to handle the problems of formation tracking control. Depending on the low-gain feedback technique, it is proven that the considered systems can achieve the specified formation tracking, if the feasibility conditions of formation tracking problems are satisfied. Different from the works in [33] - [35] , the input saturation is considered for the formation tracking problems. 2) Compared with the results on formation tracking problems in attention [13] - [16] , an event-triggering control protocol is designed to handle formation tracking problem for second-order multi-agent systems subjected to input saturation. In addition, the considered event-triggering scheme can avoid Zeno behaviors.
In what follows, Section 2 contains some preliminaries. We investigate saturation control for formation tracking problems with or without event-triggering strategy in Section 3. In Section 4, some simulation examples are given to show the efficacy of obtained results. Finally, Section 5 concludes.
II. PRELIMINARIES
This section provides some mathematical preliminaries to derive the main results of this paper.
A. NOTATIONS
Denote N as the set of natural number. Let I n be an n-dimensional identity matrix. 0 n denotes an n-dimensional square matrix in which all entries being zeros. · expresses l 2 norm for vector, and means 2-norm for matrix. We denote ρ(M ) as the spectral radius of a matrix M and M T as the transpose of matrix M . λ i (M ) means the ith eigenvalue of matrix M . λ min (M ) and λ max (M ) present the smallest and largest eigenvalues, respectively.
B. GRAPH THEORY
An undirected graph ð = {V; E; G} with N agents is composed of the agents set V = {1, 2, ..., N }, the edge set E ⊂ V × V and an adjacent matrix
For an undirected graph ð, (i, j) ∈ E, i.e., G ij = G ji = 1, which shows that agents i and j can interact with each other. We denote the Laplacian matrix of the graph
Denote the eigenvalues of L as λ 1 (L) ≤ λ 2 (L) ≤ . . . ≤ λ N (L). As shown in [36] , λ 1 (L) = 0 with a corresponding eigenvector 1 = [1, 1, . . . , 1] T ∈ R N , and λ 2 (L) > 0 if ð is connected. Letð be a graph generated by N followers and a leader. In particular, in this paper, we assume that an agent is the leader of all agents in the whole graph, denoted as leader 0. We define a matrix D = diag{d 1 , d 2 , ..., d N } to be the leader adjacency matrix, where d i > 0 if the ith follower agent can connect to the leader 0, otherwise d i = 0.
C. MODEL DESCRIPTION
Consider a second-order multi-agent system composed of N identical agents subjected to input saturation
where α ≥ 0 is a constant; x i (t) and v i (t) ∈ R n denote the position and velocity state of the ith agent , respectively; u i ∈ R n is the control input for each agent i; sat (u i (t)) = [sat (u i1 (t)), sat (u i2 (t)), . . . , sat (u in (t))] T is the saturation function and the positive index of sat (u ij (t)) = sign(u ij (t)) min {|u ij (t)|, } is an input saturation threshold. It is worth mentioning that each agent in (1) is a harmonic oscillator when α > 0, and is a double-integrator when α = 0. This means that the system in (1) is more general than the works in [28] , [32] , [37] , [38] .
The dynamics of the leader, labeled as 0, is described by
where x 0 (t) and v 0 (t) ∈ R n denote the position and velocity state of the leader 0, respectively. The desired formation for the follower agents is specified
. h ix and h iv are the components of h i corresponding to the position and velocity, respectively [33] . For convenience, let ξ
For any a priori given bounded set χ ∈ R 2n , ξ i (0) ∈ χ(i = 0, 1, 2, . . . , N ), the multi-agent system described by (1) and (2) is said to be achieved the specified formation tracking, if for any ξ i (0) ∈ χ (i = 0, 1, 2, . . . , N ) the following condition holds
(3)
Remark 1: Definition 1 shows that h i related to the specified formation information is the relative vector of ξ i (t) with respect to ξ 0 (t) [15] . It is necessary for the follower agents to receive the formation information h i since the control object in this paper is to achieve the specified formation. Besides, Definition 1 becomes the consensus tracking control problem in [28] , [32] if h i ≡ 0. Therefore, the considered problems in this paper can be used to solve consensus tracking problems in [28] , [32] .
To solve this problem, we design a distributed formation tracking control protocol as follows.
where i ∈ V, K and F ∈ R n×n are control gain matrices to be determined, and F ≤ c 0 for a constant c 0 .
Remark 2: In the formation protocol (4), the term Fh i is the formation compensation signal which is constructed to expand the set of potential feasible formations specified by h [25] . Furthermore, for some certain formation tracking control problems, the gain matrix F may be unnecessary, which will be shown through an example in Section 4.
Next, an event-triggering protocol for second-order formation tracking problem is presented to reduce the frequency of controller updates. An event-triggering control protocol is designed as follows:
And then, the event-triggering instants {t i k } are designed as follows:
where the event-triggering function has the following form
with the parameters α i > 0 and θ i > 0. Remark 3: Note that, in (5)- (7), the combinational measurement error related onξ j (t i k ) is utilized instead of the original measurement error based onξ j (t are the event instants of agents i and j, respectively. It is to say that the ith agent , s control input u i (t) is only updated at its own event instants t i k . The following assumption and lemmas are needed for the derivation of our main results in this paper.
Assumption 1: The topologyð has a spanning tree with the leader 0 at the root.
Lemma 1 [26] : Assumption the pair (A, B) is asymptotically null controllable with bounded controls, i.e., (A, B) is stabilizable, and all the eigenvalues of A are in the closed lefthalf plane, then for each ε ∈ (0, 1], it follows that there exists a unique matrix P(ε) > 0 satisfying the algebraic Riccati equation (ARE):
Lemma 2 [39] : Let L be the symmetric Laplacian of an undirected graph ð consisting of N agents. Letð be the graph consisting of N agents and a leader, which contains a spanning tree with the leader as the root agent. Then, we have
Lemma 3 [40] : Let L 1 and L s be the symmetric Laplacians of graphs ð 1 and ð s with N agents, respectively. Moreover, letð 1 be a graph with N agents and a leader which contains a spanning tree. After adding some edge(s) among the N agents into the graphḡ 1 , we obtain a new graphð s . Then, we have
III. MAIN RESULTS
In the section, the formation tracking control problems are investigated, which focused on second-order multi-agent system subjected to input saturation. Firstly, the low-gain feedback method is utilized to discuss the formation tracking control for systems (1) and (2) under control protocol (4) . Depending on an event-triggering control method, the formation tracking problem for system (1) and (2) under event-triggering protocol (5) is further investigated.
A. FORMATION TRACKING FOR SECOND-ORDER MULTI-AGENT SYSTEM SUBJECTED TO INPUT SATURATION
In this subsection, the continuous-time formation tracking for second-order multi-agent system (1) and (2) under control protocol (4) subjected to input saturation is investigated.
For the multi-agent system (1) and (2), let A = 0 n I n −αI n 0 n and B = 0 n I n , then the system (1) and (2) can be rewritten as follows:
Remark 4: Note that in the most existing works [27] - [32] , [37] , it is assumed that the pair (A, B) is asymptotically null controllable with bounded controls. However, in this paper, this assumption is removed, since the pair (A, B) satisfies these conditions in this paper, according to the low gain feedback control [26] .
In the following, depending on the low-gain feedback technique, an algorithm is presented to calculate the coefficient matrices F and K in the formation tracking control protocol (4).
Algorithm 1:
Step 1: For the specified h i , solve the following formation tracking feasible condition (10) for F
If there exists a constant gain matrix F, then continue; otherwise, the formation tracking cannot be achieved for multi-agent system (1) and (2) under protocol (4).
Step 2: For matrix I with appropriate dimension, solve the parameterized algebraic Riccati equation
where κ ≤ min{λ 1 (L s + D)} is a positive constant. The existence of a unique positive definite solution P(ε) for algebraic Riccati equation (11) is established in Lemma 1.
Step 3: Let K = B T P(ε), then, construct a linear feedback law for agent i as
Remark 5: It should be noted that the specified formation tracking can be achieved only when the feasibility condition (10) is true in Algorithm 1. That is the properties of the formation specified by h i and the dynamics of each agent and have their corresponding influence on the formability of multiagent systems [15] , [25] . Besides, if h i ≡ 0, Algorithm 1 can be shown to be a method to deal with the consensus tracking control since the condition (10) is satisfied. In this case, feasibility condition (10) is more generality. On the other hand, note that the constant matrix F needs to be solved in (10) . If (10) doesn't solve for F, this means that Algorithm 1 is conservative. In following work, we will try to explore some methods in order to avoid the conservative of this algorithm.
Theorem 1: Suppose that Assumption 1 and the formation tracking feasibility condition (10) hold. Then the formation tracking for the multi-agent system (1) and (2) under protocol (12) can be achieved.
Proof :
Define a Lyapunov function as V (t) = N i=1ξ i (t) T P(ε)ξ i (t). For a constant c > 0, the following inequality holds
for all i = 0, 1, . . . , N . Note that this inequality holds since χ is bounded and lim ε→0 P(ε) = 0 by Lemma 1. Let L V (c) = {ξ (t) ∈ R 2Nn : V (t) ≤ c}, and ε * ∈ (0, 1], then, for all ε ∈ (0, ε * ]
where z i (t) ∞ = max i |z i |. The existence of the ε * can be proved by the fact that lim ε→0 P(ε) = 0 holds. Since the formation feasibility (10) condition holds, the system (13) is converted tȱ
Now, the derivative of V (t) along with (16) yieldṡ
From the definition of the Laplacian matrix of graph, for any z i ∈ R m , we have (17) can be written as:
The symmetry of matrix L + D implies that there exists an orthogonal matrix M ∈ R N ×N andξ = (M ⊗ I 2n )ξ , such that the following equation holds
In this case, we havė
This implies that lim t→+∞ (ξ
This completes the proof. Remark 6: In Theorem 1, input saturation control is developed to deal with the formation tracking problem of secondorder multi-agent system. Note that second-order multi-agent system can achieve consensus in [38] , [41] , [42] . However, the works in [38] , [41] , [42] cannot be applied directly to the considered problem in this paper due to formation tracking feasibility problems is considered. Furthermore, if h ≡ 0 and α = 0, the results obtained in this paper can be used to deal with the consensus tracking problems [28] , [32] .
B. EVENT-TRIGGERING FORMATION TRACKING FOR SECOND-ORDER MULTI-AGENT SYSTEM SUBJECTED TO INPUT SATURATION
In this subsection, we introduce the event-triggering control for the considered system. Depending on the low-gain feedback method, the event-triggering algorithm is presented to calculate the coefficient matrices F and K in the formation tracking control protocol (5) .
Algorithm 2:
Step 1: For the specified h i , solve the following formation tracking feasible condition (20) 
If there exists a constant gain matrix F, then continue; otherwise, the formation tracking cannot be achieved for multi-agent system (1) and (2) under protocol (5).
where κ ≤ min{λ 1 (L s + D)} is a positive constant. The existence of a unique positive definite solution P(ε) for algebraic Riccati equation (21) is established in Lemma 1.
Step 3: Let K = B T P(ε), then, construct control input u i (t) for system (1) and (2) as
Step 4: Determine the event-triggering sampling sequences {t i k } for agent i, i ∈ V. Now, we are ready to consider event-triggering formation tracking for second-order multi-agent system subjected to input saturation.
Theorem 2: Suppose that Assumption 1 and the formation tracking feasibility condition (20) hold. Then the formation tracking for the multi-agent system (1) and (2) under protocol (22) can be achieved.
Proof: From (8) and (9), applying the event-triggering protocol in (22), we obtain thaṫ
whereξ i (t) is defined as above. Consider the Lyapunov function V (t) = Such a c > 0 exists since χ and F are bounded and lim ε→0 P(ε) = 0 by Lemma 1. Let L V (c) = {ξ (t) ∈ R 2Nn : V (t) ≤ c}, and ε 0 ∈ (0, 1] such that, for each ε ∈ (0, ε 0 ]
where z i (t) ∞ = max i |z i |. The existence of such an ε 0 can be proved by the fact that lim ε→0 P(ε) = 0 holds. Since the formation feasibility (20) condition holds, the system (23) is converted tȱ
G ij e j (t)−e i (t) −d i e i (t) . (25) Now, the derivative of V (t) along with (25) yieldṡ
Similar to (18) , we geṫ
Using the inequality [43] , we have
for any Y 0 and γ > 0. Then we further have
≤ξ T (t) (L + D) ⊗ (P(ε)BB T P(ε)) ξ (t) + e T (t) (L + D) ⊗ (P(ε)BB T P(ε)) e(t). (28) The symmetry of matrix L + D implies that there exists an orthogonal matrix M ∈ R N ×N andξ = (M ⊗ I 2n )ξ , such that the following equation holds
In this case, we geṫ
where η .
With the fact V (t) ≥ N i=1 λ min (P(ε)) ξ i (t) 2 , ξ i (t) will exponentially converge to zero, which implies that the specified formation tracking for the multi-agent system (1) and (2) under event-triggering protocol (22) can be achieved. This completes the proof.
The following theorem shows that the Zeno behavior is excluded.
Theorem 3: Assume that all conditions in Theorem 2 are satisfied, then the Zeno behavior of the error dynamical system (25) under the event-triggering strategy (6) is excluded, that is for each agent i ∈ V, the inter event time i k = t i k+1 − t i k > 0. Proof: From the triggering condition (6), we have
For any t ∈ [t i k+1 , t i k ), considering (1) and (2) together with the event-triggering strategy (6), we derive
where β i k = B u i (t) − u i (t i k ) . In addition, recalling (30), we have lim t→+∞ ξ i (t i k )−ξ j (t i k ) = 0, which further implies that for k ≥ 1
With the fact that e i (t i k ) = 0, we have
Based on the event-triggering strategy (6) and (7), the next event time t i k+1 of agent i is determined by
Combining with (36) , it can be verified that
Now, we prove that the sufficient condition (32) can exclude Zeno behavior for each agent by the contradiction. Suppose that lim k→∞ t i k = t * i < ∞. By (37), we can get
, which implies α i ≤ 0. This contradicts the fact that α i > 0, and therefore, lim k→∞ t i k = ∞ holds. Assume that there exists a k ∈ N such that i k = t i k+1 − t i k → 0. Then by (37), we can conclude that α i e −θ i (t i k+1 −t 0 ) ≤ 0, which implies α i ≤ 0. This also contradicts the fact that α i > 0 holds. Consequently, we conclude i k = t i k+1 − t i k > 0 with condition (32). Thus, a lower bound on the inter-event intervals is given by
The proof is completed.
IV. NUMERICAL EXAMPLE
In this section, we will provide two numerical examples to confirm the theoretical analysis. Consider the multi-agent system (1) and (2) composed of four agents and a leader, whose topology is shown in Fig. 1 . To illustrate the formation tracking performance, let ξ xi (t) = 1, 2, 3, 4) , be the position and velocity errors with respect to the leader 0, respectively. Set D = diag{1, 0, 1, 0}. By Lemma 3, we have min{λ i (L s + D)} = 0.1206. Therefore, we can choose κ = 0.1 ≤ min{λ i (L s + D)} = 0.1206. For the multi-agent system (1) and (2), let α = 0.01 or α = 0, we consider the formation tracking problems of coupled harmonic oscillators and coupled double integrators under the control protocol (12) and (22), respectively.
Example 1: Consider the multi-agent system (1) and (2) under control (12) . The specified formation is described by which satisfies condition (11) . By the distributed protocol (12) , the specified square is achieved in Fig. 2 , the star indicates the final location of the leader 0. Besides, the initial positions of the four agents and the leader are marked by diamonds. Fig. 3 depicts the evolutions of the velocities. The state trajectories of the formation tracking position error are shown in Fig. 4 . Then, we can depict the trajectories of the formation tracking velocity error of the system in Fig. 5, and Fig.6 displays the control input of each agent.
Case 2 (Coupled Double Integrators): When α = 0, each agent is a double integrator. Based on Algorithm 1, to satisfy the condition (10), we can choose F = [0, 0, 0, 0; 0, 0, 0, 0]. which satisfies condition (11) . By the distributed protocol (12), the four agents will be driven to achieve a square formation in Fig. 7 , where the initial positions of the four agents and the leader are marked by diamonds. Fig. 8 depicts the evolutions of the velocities. Then Fig. 9 and Fig.10 display the formation tracking position and velocity errors of each agent, respectively. The control inputs are depicted in Fig. 11 . Therefore, the specified formation tracking be achieved for system (1) and (2) under control (12) . Furthermore, in order to demonstrate the effects of the ε, we give the corresponding P(ε) and norm of input control u for the different ε, which are listed in Table 1 and 2. Table 1 and 2 mean that for the same initial states, the larger the value of ε, the larger the input control u i .
Example 2: Consider the multi-agent system (1) and (2) under control (22) . The specified formation is described by
Case 1 (Coupled Harmonic Oscillators):
When α = 0.01, each agent is a harmonic oscillator. According to Algorithm 1, to satisfy the condition (20) , we can choose F = 0.01 × [1, 0, 0, 0; 0, 1, 0, 0]. Set ε = 0.8, we obtain positive definite matrix P(ε) =     (21) . Taking α i = 0.8, θ i = 0.1, then by the distributed protocol (22) , the four agents are driven to achieve a square formation in Fig. 12 , the star indicates the final position of the leader 0. Besides, the diamonds represent the initial position of each agent and the leader. Fig. 13 depicts the evolutions of the velocities and Fig. 14 shows of the trajectories of the formation tracking position error. Then, we depict the trajectories of the formation tracking velocity error of the system in Fig. 15. Fig. 16 displays the control input of each agent. Fig. 17 shows the triggering time of each agent. Besides, Table 3 displays event-triggering instants of each agent in time interval [1s, 1.2s]. From Fig. 17 and Table 3 , we can draw a conclusion that the communication load is reduced when achieving the specified formation tracking. Case 2 (Coupled Double Integrators): When α = 0, each agent is a double integrator. Based on Algorithm 1, we can which satisfies condition (21) . Taking α i = 0.8, θ i = 0.1, then by the distributed protocol (22) , the presupposed square is achieved in Fig. 18 , the star indicates the final location of the leader 0. Besides, the initial positions of the four agents and the leader are marked by diamonds. Fig. 19 depicts the evolutions of the velocities. The position and velocity errors of multi-agent system (1) and (2) with double-integrator dynamics are demonstrated in Fig. 20 and Fig. 21. Fig. 22 displays the control input of each agent, and Fig. 23 shows the triggering time of each agent. Moreover, Table 4 depicts event-triggering instants of each agent in time interval [10s, 12s]. Fig. 23 and Table 4 can indicate that the communication load is reduced when achieving the specified formation tracking. Table 5 and 6 mean that for the same initial states, as the value of ε decreases, the input control u i decreases to zero, which further leads to the faster convergence speed of the states of all agents.
V. CONCLUSION
In this paper, two distributed formation tracking protocols have been presented for a kind of second-order multi-agent systems subjected to input saturation, where the involved controls are induced with or without event-triggering strategy. Depending on the low-gain feedback technique, two algorithms have been designed to solve the parameterized algebraic Riccati equation in order to obtain control gain matrices, where the formation tracking feasibility conditions have been also presented. It has been shown that if the feasibility conditions of formation tracking problems are satisfied, the considered systems can achieve the specified formation tracking. Finally, the presented formation tracking protocols have been applied to numerical examples. Future work will be to consider the effects of switching topology on the event-triggering formation tracking.
